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	Abstract
Sparse mixture-of-experts (MoE) layers scale neural networks by sending each token to a few expert sub-networks chosen by a learned router. Routers are brittle: a small change to a token representation can flip its expert assignment, which destabilises training and wastes capacity. We study temperature-controlled softmax gating and prove that the gate is Lipschitz continuous with constant ‖W‖2/(2τ), where W holds the router weights and τ is the temperature. The bound yields an explicit radius within which top-1 assignments cannot change. Guided by this result, we propose a temperature schedule that keeps the router’s Lipschitz constant fixed during training. On a language model with 125 million active parameters, the schedule lowers validation perplexity from 14.5 to 13.5 and reduces token dropping fourfold compared with Switch-style routing, at no additional cost.
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	Highlights
Softmax routers are Lipschitz with constant ‖W‖2/(2τ).
The bound certifies a radius within which top-1 routing cannot change.
A temperature schedule cuts token dropping fourfold at no extra cost.
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Introduction
Mixture-of-experts models combine several specialised networks with a gate that decides which of them should handle each input [1]. Shazeer et al. [2] made the idea practical for deep learning [3] by activating only a few experts per token, and sparse expert layers now power some of the largest transformer language models [4–6].
Sparsity comes at a price. Because each token is processed only by the experts with the largest gate values, the routing decision is discontinuous: two nearly identical tokens may be sent to different experts. Practitioners counter the resulting instability with auxiliary load-balancing losses, capacity limits and careful initialisation, but the role of the router temperature has received little attention. This paper makes three contributions:
We prove that temperature-controlled softmax gating is Lipschitz continuous with constant ‖W‖2/(2τ) (Theorem 1).
We derive a certified radius within which the top-1 expert of a token cannot change.
We propose a temperature schedule that holds the Lipschitz constant fixed, and show that it improves both perplexity and expert utilisation (Section 5).
Background
Let x ∈ ℝd be a token representation and let E1, …, EE be the expert networks of a layer. A linear router with weights W ∈ ℝE×d and temperature τ > 0 produces the gate
	
	
	(1)


The temperature controls how decisive the router is: as τ → 0 the gate approaches a one-hot vector, and as τ → ∞ it approaches the uniform distribution. A top-k mixture-of-experts layer computes
	
	
	(2)


Figure 1 illustrates top-2 routing. Only the selected experts are evaluated, so the cost of a layer grows with k rather than with E.
[image: ]
Figure 1  |  Top-2 routing of a token xt. The router scores every expert, but only the two with the largest gate values (terracotta) process the token; their outputs are summed with the gate values as weights, as in (2).
Lipschitz routing
Our analysis rests on a simple fact about the softmax Jacobian. Gao and Pavel [7] show that the softmax function with inverse temperature λ is λ-Lipschitz. The following result sharpens this by a factor of two and makes the dependence on the router weights explicit.
Theorem 1 (Lipschitz routing).  For all x, y ∈ ℝd,
	
	
	(3)


Proof. Write σ for the softmax function and p = σ(z). Its Jacobian is J(z) = diag(p) − pp⊤, a symmetric positive semidefinite matrix whose eigenvalues are at most 1/2 by Gershgorin’s circle theorem [8]. Integrating along the segment from y to x gives (3). ■
A temperature schedule
During training the spectral norm of W typically grows, which silently increases the Lipschitz constant in (3). We therefore keep the constant at a target value L⋆ by adapting the temperature, estimating the spectral norm with one step of power iteration per update, as in spectral normalisation [9]:
	
	
	(4)


The schedule adds one matrix–vector product per layer and step, which is negligible.
Experiments
We train decoder-only transformer language models [4] with 12 layers and width 768, replacing every other feed-forward block with an MoE layer of E = 8 experts and top-2 routing. All models have about 125 million active parameters per token and are trained for 60,000 steps with Adam [10]. Table 1 compares the schedule (4) with Switch-style top-1 routing [6] and with fixed temperatures.
Table 1  |  Validation perplexity (PPL), load imbalance (CV) and share of dropped tokens after 60,000 steps (illustrative values). Lower is better; the best value in each column is in bold.
	Model
	Params
	PPL
	Load CV
	Drop (%)

	Dense
	125M
	16.9
	–
	–

	Switch, top-1 [6]
	125M
	14.5
	0.41
	3.8

	Fixed τ = 0.5
	125M
	15.9
	0.58
	6.1

	Fixed τ = 2.0
	125M
	13.9
	0.12
	0.4

	Scheduled (ours)
	125M
	13.5
	0.15
	0.9



The schedule reaches the lowest perplexity, while a high fixed temperature balances load slightly better but routes less decisively.
Discussion and limitations
The certified radius is a worst-case guarantee. In our runs most tokens sit well inside it, which suggests that a tighter, data-dependent analysis is possible. Three limitations deserve mention:
The bound concerns a single linear router. Routers with hidden layers or noise require a separate analysis.
Power iteration underestimates the spectral norm early in training, so the schedule is conservative only after a few hundred steps.
We evaluated models with up to 125 million active parameters; the behaviour at larger scales remains to be confirmed.
Conclusion
Temperature is the most direct handle on the stability of a sparse router. By keeping the Lipschitz constant of the gate fixed, a one-line schedule improves perplexity and expert utilisation without extra computation.
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Proof of the certified radius
Let i be the top-1 expert at x, with margin m(x) over every other expert. By Theorem 1, the gap between experts i and j changes by at most ‖W‖2‖x − y‖2/(√2 τ), so i remains the top-1 expert at y whenever ‖x − y‖2 < √2 τ m(x)/‖W‖2.
Training details
Table 2 lists the configuration shared by all models.
Table 2  |  Training configuration shared by all models.
	Setting
	Value

	Layers, width, heads
	12, 768, 12

	Experts per MoE layer
	8, in every other block

	Routing
	top-2, capacity factor 1.25

	Optimiser
	Adam, β = (0.9, 0.95)

	Training steps
	60,000

	Target constant L⋆
	4
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